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STRESS ANALYSIS OF COLUMNS AND BEAM COLUMNS

BY THE PHOTOEL.4STIC”MkTHOD ‘“

By B. I’.Ruffner

SUMMARY

‘I?r~nciplesof.similarity”@& othkr”’:fact~rkin thre “:~,
design of”rnodelsfor photoelAstic test~:g’~i@discug~ed~
Some approximate theoretical equatioh-s,”:’us’efuiin the &h&Y--
Ysis of results obtained from,photoelastic tests, are de-
riv8d; Exan~le$:of-tHe”usd &f

i
hoto~lastio-””~echniques~nd* th~”ahal$a”esbfri$stiltsas ap~i ejitb u~ifofimand tapered~~

beamt-coZurnns~cirtiuXarrings~’!tih~:sta~fc~l~yifidqterminatq
4 frames; ‘afiegiVen. ‘It is con&ltide&th~tf~liiimethod is an “.,

effective tool for the analysis of s~ruc’t’dres”in which
column acticn is present, pa:ticu+arly in tapered beam
columas~ tandin stdtiicallyftid.eterrninat&j’#,~#~ct~u<e.~.,in“which
the dtgtribution of lo&ds in’‘thestr,ucturqsis in’fl-~enced%y
bendingmome.h%s’”due”#o &xial’”ldad&in on$’-or~fio,r,e’l!i~’m%ers,1. .:!,., :,r~ . ,,:. .- “,..q .. ..r. ..iL

,.. . . .

. . . . . . .: , ..:} ..:; ~.: .,jj. . - .:; “$. ::; .:”.,; , :.: —

., . . .. .
INTRdD”UCTION

:,.j~vf=..“ ‘..::?. ... .:

umns. ‘Niles and Newell (reference 1) give solutions of the
problem for various loading conditions with the 31 Jof the
beam constant for the .s-p?,q.,.undo.r.consi.der.a,ti~p.

\Timoshenko
(reference 2, p. -128)‘gf%’es““the”critical b“uclilingloads for
tapered columns of sevor+aal●ty,p<es, .T,ho..problcmsdiscussed

. in those references r%&e%oht ‘solutions”of’tho basic diff~r-
ential equation of a beam loaded with an axial load P and
lateral ~ioads .~i(x)..This difforont$al equa~:pn,,is.:

t;:,.r. :...!.,.. .:: .... .!,’ -.;-,,.- 1!;:”; .:.;;.:......,Jj>,c, ., -.-:.:--.*:—- -_-.
.-...,.. .P1,;5%” ‘ ‘‘ .4., A - AI+Py. “’‘(i]’f(~) ‘ ‘:”:””;,‘ .:....-.,,.: ,:....’ C:,&&.?’:. “ :...
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When MI is a constant,‘this:.eq?~ttbn.Yioldereadily to
integration and the bending moments Mx et any section x“...,---.!....-.
are given by:

,., ..!.

. . . .
,,.i.

. ... ... . . ... . ----
M= f-(x)- Py (2)

.— r.-,..... .-,, -: y. - - . . - -.
,.:k.: ~.- ::: . . -“

_.

The critical loadTP , is’:. .. ,. -
c“r

J,.“;.,.. .““

P Cm% I-——.“ cl’= (3)
Ja :< .=“.- :-

.=.-. *?

. .
—

—.

#....--
...—

-_=
-

-..* -

where C is t-hefixity coefficient depending.on the and con-
ditions of the beau..!The value OZ P ,S;s.i.nde~&ndontof
the lnteral loading q(x).’.cr’ .?””....-... . ..,-.

In Zafiycases, howe:~er, EI is’no’~.constant bu,tvartee
either continuously or.d:~~,c,gnt.inuol~fi~.over the length of the
span under considera$,ip+.~..134y~.t$On(l)~inythen be integrated
by approximate ~ymeric~l,;;lp~~~p,d:~..Gt?ner~lsolutions are--“
poseibli Ori~y,~+,,~~,,f+?w.C,$&e~ii,,ie:. -: _,..

This investigation, conducted at the Oregon State
Ccllege,,,,wassponsored by and..conductedwith the f$n?.mcial
assistance of theNational Advisory Cotimittoe,.forAeronautics.,. . .

. . . . . . ,-.;
. .

. .
.-
., “jjXSIGNOT PHOTOELAS~?C MODELS, , .,:,: , --- -,

,..., General Conaiderati-ons
,. .

In ord”erf’ora model test to he useful it must bc
possible to predict accurately results on the full-scale
structure from results of the model test, TO accomplish
this purpose, ft ia necessary to,deaign photoelastic

.-
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models..,with se?eral f.ug~q:en}~l,principles in ~~ind. First,
principles of ‘s’inilr.rfty”’must:%e ntit156tiweenthe acdel and
full–5caLe. Secon$lY, the ,modelmust be constructed so that
linitbtlons imposedhYu~~C~n$~fi~~~:O:f-”~e~E3~~ake considered-
Thirdly. the riodelsmust be of such d~~enslons that ‘heY can

...

. . If all.t$:epare,net=~rsjon the right–han~ side O? ~he
equ~t.iop~re.tjlesows OU.t/& mp.d.el~and-i.-tha$u$l-s~ale strut-
tkre, the’+dft-hand memb~rs:will be’*he”&&qe for “~hemodel
alld the full-scale structure. Values ffirthe full–scale
structure would then ba obtainable from med.el test,

,’-In c“e”rtainparticu~a?~cases it is unn..ecessarY ‘0 ‘ave
all the’ fioridt~-qngioRa~”.p&raue.t.e.rsz%’he.,”se.~e,lon the mQdel.._.
and ‘thefull-scale structure, since seiiesre not pertinent.
Severp.1types of struct~ree will be briefly discussed.
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STRUCTURE5 IN WHICH MOMENTS,” ‘INTERNALLOADS, REAC!ILLONS,
i :- ,,

AND SO FORTH,ARE LINEAR-FUNCTIONS03’THE LOADS..

In many structures the forces in the members, the
stresees, deformations, and so forth, are all linear func-
tions of the lord. Then the nondimensional parameter
P/Ellnis not significant, If the ratios R/P and K/PIl are
dete~mined,for any one set of loads,they are then the same
for any other set of-loads in constant ratios to the first.
Fet, .,

..-,.- ..-. ,.~-
In most sstru’ctures.of‘this‘typePoisson~s retie’ w is

not significant either. I.’orinstence”,consider the prob..-
lem of bendi:g:of beams in wh~”~~the‘equation:

.,
1,

dzy
11~ —=M-,

.. dx2 . . ;

is applicable. Since M does not e.ppearin this equation,
it me.ybe considered permissible to neglect this pnrzmet~r.
If the beam is loaded so that M is not a function of y,
then both P/Bt12.and V: may be neglected. Furthermore,
geometrical simil?.rityis not necessz!ryfor the determin-
ation of r&oments,reactions, and so f’orthfsincg the lin~~r
dimens}.onsofithe crose s“ectionscome in only as Infiluencirig
the moment of inertia-. Consequently, the similarity con-
dition; to be met would be expressed by the equatione: ~

R

(

., 1* z~ 11 12
= fl Y~,Y2,Y3 \9P* —— ,,,

j;
?L’lz

7-47-: ● ** j? ,(6)
. . . . 1 2

. . .. . ,. . .
-..
-.

,..

These conditions r“e~uirethat the loads on the mGdel a.d
the full-scale structure be in the same ratfo, thp.tthe
lengths 11, 12, 13,,. of the neutrnl axes of various mer~—
hers of the model and,the structure be In the sftweratio,

.

——

,. :. :.-

‘d_

Y

,=... :-.,-s.... . —

“l. k=--
. . .—

- ,..-_=

.-. -.*-= —

w

~ : ---,...—

-. .. ...= -. .._-—

—- —.
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and that the moments of inertia of various parts of the
structure be in the same ratio on the model and the full-

. scale structure. .,, .
-—

EXT3RNAL LOADS “ .- —

Structures which be”have.nonlin&~rly,but which arc
loaded so that the material is in’the elastic range every-
where, include those structures classed as columns and beam
columns.

~he basic ~quat~on of the elastic curve for these.?s: _____.-

d2y“EI___ = 14 . ,-“. ._::-
.axa !., ~,..

hut in this case 11 is a function of bot’h.x a-nti-y. For
4 insts-nco,consider.a bean column of,length” Z ‘with 31=-

f (x). The equation of the elastic curvn of this may be
written: .. .

d=
(
Y> ‘
7) .

()
F12 y‘—-—4 A +,——- ..

()
=kE.i-, 2: ‘.:.’”..

‘( )

2 .7iJ~~...~I &d-:’, :

where P
-()

is the axial compressive load and .k’#fl ~ : is
t

the bending moment due to lateral loading W, composed of
loads YIP, Y~P ,;and so forth. ..

..*,$ .. .:
.. .,. . .. ... . .,-.

In ord&r f~r’’:th~”~~equ~tionto be idenbical for both
model and full-scale structure, the conditions that

and

.
-.

““’ (::~=(:L1!)5’.”””‘- ..
=.
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must ‘bimet at ov.erypoint defined by
x
- . The subscripti–-m
1

is used to denote model, and the subscript s to denote
full-siialestructure:. .Div5dingthe first of these oquatlons
by the second gives:

—.

Here again Poissonls ratio v is not pertinent, The bending
moment may then be written:

(8)

IHS u~lly more-convenient-:to18$ the moment, at some
point,.dti”eto all lateral loads be M. and write the f~re-
going”e.quationin the alternate &orm,v

If I is a variable, this must be written:

. -.

_.?_—. ——

—.

;: -, .*%

.,

k

(8a)

. -

..

..
““n is tho mom~nt OH inertia of some selected section.where

The conditions for similarity for a column or beam-column
test are then:

1.,The ratios between loads on the modeLand between
corresponding loads on the fmll=-scalestructure should be
the same.
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., 2* The ratios .bf.l,./l.for corresponding points in
model ~nd full-scale structure‘shouldbe the sane, .

,... ......
3, Ratios of l“eri-gthsof n8utr&l axes on nodel and full”-

scale structure should Ixe~the;sa,me.. ~

4. values of Me/M then will be the same model and
full scale if the ratio ,.Pl~?/EIcis t:hesa,ruemod~l and full
scale. ..-~,+f:~r-., :..! ...”.-

-:~
.,., ..>---

. ,’~.:-:.“ ,,. . . .... . .;,,,, .0 .. ,,
— -..

STATICALLY INj3TERMINATE ST~UCTURES IN WHICH ONE OR MOR’~-”
... .,. .. .
.j. “ MEMBERS 1$ A “COLUMNOR A BEAM COLUMN

,, .:.. . .

“For structures of this type all similarity conditions
sppli.cableto ~,ee,ucolumns must be met. In a~dition, how-
ever,.~~e.oi,~tribution~f-loads may depefidOrithe cross-
sectio~?l’,hreas;of the fiembersas well ae their ao]ne,ntsof”
inert,ia., In structures in.which it is known the.tCiofor~--
ations due to direct tensile and compressive stresses.are
uninpori.ant,it will be sufficient to meet only those sic.li-
larity ,condi~ti.onslisted for beam columns. If, however, .
both bending defornn.tions.and deformations due to tensile
and compressive stresses are important, then the condition.
that the areas of alI.members atistbe in the same ratio
niod.e,l.and -fullscale is important. Equation (5) then may
be written in the fern”:.. —..-.

. h0,:1:< ( I?l: 10 P A. .1213
f Yl,-’”~,= . )

v~,,,+,3;m.”-’, -, — — —,—..* (9)
Z.10 I AOE’ A ’11 11

,.,..,.,.... . .... -, ..
.,.

A 1A is th~rre~tloof the are’a”of soL1e
?

selected section of a
s r-~ctu,r:al”,~etiber“tothe-a’reaof any other.“section. If .
structur’;s”]a-re}yofthe type in which shear:defor~,ntionsalso .
are important, then the condition~~of geouetric sini”larity
must be met in addition to the foregoing. This in most
structures, hcwever, is,nct the cage, and the ucdel nee$ not..
be geometrically sinil,ar,to full .scrile.Usually models with
members of constant thickness may b,e-usedto represent full-,,
scale conditions. ... .-—

,.
,. ..,,
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i .,,,’ ..,;:.1,”; ‘,1..
DES1GN OF MOD21LSIN WHIOK”0iW3,.oil}iOFUiMdMBER-S,ARFJLOADED

AS BEAM COLUMNS BUT!IN “f#HIC&-ljOADSIN MEMBXRS
-.. .

ARE STALI’CALLYINDETERMINATE., .. . . .... ..
.

If’this structure is of ‘thetype in which deformations
due to tensile and compressive forces in the members a“re
negligible as compared to deformations due to bending, then
the method of design of the model and.the determination of
test load conditions are the same as for the beam-column
models :qrevlouslydiscussed. If, however, deformations due
to tens:lleand compressive load% may be lm~ortant, then it
is necessary to meet the additional similarity condition
that areas of various members on the model mustibe.in the
same ral;iosas corresponding areas full scale. In a&dition,
the rat!io P/&.*. for the model and the-full-scale structure
must be the same. To meet these conditions, in’”additionto
the othor conditions of aimilarlty, necktiqi’t’atee-.avariation
in thickness of the model.“materl.al.If a iitruccureic com-
posed o!:several members e~ch of constant‘.EI and con~tant
area, the model may be constructed with”lzttle difficulty if
the thickness of the photoe~a~tic model 16 different for
each member. The hodel design and loid~kg”conditions then
will be determined as folloivs:., .. .

1. Assume some convenient over-&ll dimension for the
model. Let this be Lore.

2. Next designate.”thern”omentof inertia of some full-
sc~le member as 108 and the area of that member Aoa.
Ohoose a moment of inertia which will give a reasonable model
dimension, say Iom,, for the cor.respond.ing’member’on the
model. The dimensibn~ of t~,is”’~’~~tibn“of $he model rnernber
then may be .dejerminedto mee$’~%he:’neces,sarysimilarity con-
ditions for area. From eq”iti;”i”o”p’r(9),~jt.. ‘

,..” .

(~)m:=“(%$)
.s

—

.—.-

.. . A.. =
—

*

s .—

and

($) =k+)
m s

. —
—

.-, . . —
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.,,

.,,

,,,,

.,.-
... . :-- J

8

Div,idingthe first of ,,th,~seby ,t,he.:qecondgiv~$:..--—_ ...,.

,, -,,. . .
or

.’Lo~2 Iom
AOsl= A08 ()–

~1 l.scm
(lo)

a rectan-

.,
.r~’

If Iom has been chosen, then t.he-..c?~m~sisonsnsof
gular section of the model may be t,etermiaed. If b is

section.,”,..* ......
the thickness of the model and h the width of the
then, ,.”’

A.om.= boho ,,
,.,: -..
..

.,

b #03
I—Om= -“12’ ‘---- . .

~ ,.-‘!.,.. ,:.. .
. .,.x.

Substituting this in equat~azif-iO) gives(’

L() a boho3,.
boho;> A&j:’A —
:, ,. ,,,$Oml 121.s+.1

.,

.’.

(11).J, ?“
,,, .. .. -,. .. .

. . . hb =
( J
~>, ~~Ios .

L0s ‘0s Jr..,:,.. ,1 .:’:’. . .“.’ .. .... .~.,,...,”.*..:,. ,.,’,,.:...... ...Then, -c “;, ,
. . . .. . .1

“.>:+:~, ;,,, f .,’...,.,.\

‘:’””(12’)’.“..,-.’.. .
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. .

and the model dimen~lons are determined for that section.

Tc determine other model dimensions, say at a section
denoted by the Bubscript ~, the conditions,

-

.-

must be satisfied. These give,

“,2. ,o/~j:’
s

.- ------

(Ila)

(12a)

.-
.-

ln eofiecases it :~aYbe neceseary to try Goveral dif-
ferent--valuesof I before a nodel of convenient dimen-
sion is ~btained. ‘~Or the model representing structures
doupossd of m“euberseach of constant Srea and moment C?f.
inertia:,the ucdel ivill”thenhave-its meubers each of con-
stant t.h.ickness,but the thicknesses will be different for
different &embers.

When structures have individual aemhers of v~rying
moment of inertia and area,‘both th-width and the thick-
ness of the menbers of the photoelastic ‘mod~lshould varY
in accordance with equations (ha) and (12a). It is not
practical, hcwevar, to construct photoelnstic models in
this manner. Usually, the condition that the moments of

●

✘

.. .,



.. e the most “important. Good accuracy usually ‘maybe o~-
~~ined if the thickness of a member is determined so that

% r

its average area will m’e”e~the ~orid~~~on (y) =&) .

, ;“.‘,”-. m s
Yhe correct variation In moment of inertia is then obtained
by varying the width of that member. ,,,

.:i?.: “:.;.:.: -----~-?+i:~“-.- ““: --—— —.

3. Whei.t~i dimen$ions?bf tHe;md&el’-fia~~been deter-
mined, the loads :to~beapplied to the~hod&2 t~ek,are deter-
miqed..,~rom:.tibe.c,onditton”.thati“’” “ “J~.’,::’”C‘“-..-.,., .,($}....:.. ., <=_...——_. _.,,-.,.,.,’,,:..,,:.”:,’-~ ,. ..’

,-, , ::;’,-.,,?.,:.f~,.’

(#V’:(#) ‘ “,” ““””-0 0,.t,,....,., ,m. . ‘s

—



!Chis,of couree, may be done‘by followlng Stmilaritx.P,r,@ci-
p~es outlined previously in determining the correct model
4.4saliniment. -.
>., ‘,:

., -’PRELIMINARYTESTS ..1!.,,. .

) Purpose,,,. ,, .$:.
? .,~f?:j.;,;“. .,

l!.‘ J .-.. ...!”,.
The purpose of these preliminary tetit’d’was to inves-

tigate experimental procedures for datermini~g b.~n.di,mg
moments and critical loads in pin-ended columns,and.beam.;,.
columns’.[:.1.t~’delswer”echosen which could be analyib,d..~y...t.h..e
methods giv’enin references 1 and 2 so that a measure of
the accuracy of the experimental results could be obtained.

..... ... . . ...

. ...
Models and Tests

Modeis were m~ll”edfrim”she~ts of polished and annealed
Bakelite 3T 61-893. Dimensions of Models 1 to 11 are given
in figures 1.and 2.

Models were loaded in the frame shown 5.n,,~he-@Eiot6graph
of figure .?.. In figure 4 is shown the a?r.a~g~metit.offithe
loads ori*M,emodels. The loadlng frame w:+s-~etii.gnedso t,hat
it was po8,sib,Let,ovary the end load P
load Q in,d.e,p?nd:ently.

+%? .tfie”:rate~al“~...,...::: ,,.,,,.!’.”:
,,.,- .:*”::’ ,..,“.

., Woi;“ea-ck’I’oattingcondition a“’fb~ng’e~~p-~p’tno-graphundir
circularly,po,l.arizedlight tieistake”n”:~~.the-$.emterportion
of th’e‘beam. A monochromaticlight’”of5461”a”ngstromunits
was used,fn all tes”ts, Fringe phot~graphe.,veqe-nu.mberedby.
the fol,l,?wing,<,e~ptem~photo No:’= .MQ&el-~Mo.~.A Test No. u
P in lb ‘-’””Q,,in,lb, Figure;:5‘s&,o,#,k.~,se~ie.sof” frin~e-’ , ,
photog’raph.i~~b.t.a.tned..an-Morfel6 tii,th,.”:Q.=.?.;.18’Ib ‘‘ahd‘P:
varying-’from O.tl~b,3.0..0.Il$.”:I’btab”leIl.t.pstsrun on M del.s

.:? -1 to 11 are ,li$,t.edc.,i‘;?‘.2-’”::’::,: ,::.,,:”~ :.: -_ ~’:, , ,2.:
t :!....:,:1,:.:.....*.,.:.-V-,, ...‘.-;‘.. :J, ,-. .. .

Nodel 12,;
... siio~~;in figure’”6,‘“was’”;~edbas A tension‘tkst-~.’~

S~eCiEN3n for.t4e.~et,epm~fiatfdn“of,’t,@e.,rnodulueQf e~&sticity.
This specimen‘wasloaded u@ tiO ‘Zooo Psi. The strains-were
measured by Huggenberger tensomete.rs, The modulus”of ‘eka,s-,.
ticity was ,.fo,un~.to We 6“6”8,’”000pla’i...,:~: ., “.‘ ‘ .““. ~

.. .- ., .;.,
.-,..;.:.“, :,,4JA ..+.1: ‘:1: ,.. .,. ,..? +,,, mr,!:., ~ .,..f.,.,:. .- .-....-;..’. . . ...

,. .. ...? ‘,
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.,, ,. . .
,-,,:Reslllts’:.# “ ~ ._ ..... . . -,“

...,~:..... ~g;:~,: ;
Because of “th’e”symrnbtr’~cal’load?pg.-o.~the .?IOde18of,...

this prelimi.nar~Seri.ebo’f’test’s,th%’’b%ctionsat t-heten-
ters of the spans of the beams are all sectfens of maximuns
moment. At these sections of ,m4ximummoment the vertical
shear is zero and the only.stress acting is the fiber stress--

Mcz P ....’...
cr= —-- -s where z is the dfstance from the neutral

I A
axis of the beam, ,n,eaeuredin the,“p.lsn&6f the loads, posi-
tive toward th~:~upper edge of th,fi:Im2J.m’g.“and MC is the..’ .. .
ben,ding”moment;~-~the center of .ttibspan.:’Co?,EeqVent.lJ.#
the Mohr1s circle of stres.,s.~.or~a~ye.lamfitin this cross
section is as “shownin f’i=gure~..,“Th’epr@+qipal stresses on....

this cross sect~on are then;}0’ - ‘}f~z ::p~“ and ~ = o=.,.=..
,A+:.,.,:..— -.:_~.. ~ a“.... ...

Since the friri~~~tis,termi~edpkot”oe’~astl.cal”ly ~r~ loci o-~-

d points at whic~ ‘*he,~riqcipal stress differepce9.”a’r,e a con-
stanti the “al‘.qlayB8 determined,immediately frotithe
fringe’patterri$’~}”,f,}t:h~fria~e.ord:e.rsare know~. .- “ .‘“-. i.. .=.-.: —--- ..=

* The stress-o~jticla-wmay ..be.Witten.in the form:
s., r:-? ...-.. .—,, :‘“.:i,.:--=-”.. .. ,. —-:~:,.~.. .‘. ~,.,

.. l::~,.:‘ :..?1.- ‘o -’k;ki’- ‘“9 ..:;;..:~: :.. ,,. - ;-,.-(13)
.. -..,... .-L..,. ..,.,., . —..—+:----

. . . . .
where ~Gij 02 .~e-p*ihcl~aZ:~~tressesJ P .f~fnge-iurder,k
a constant depending o~’,,~$e~:wavelengthpf light; ~~{Y-~q~p-
erties of the materi!al.usqd,,,and the .thicknessL”6ft~~ “md&el

.—

in the.dY5ectUon of propoga~ion of the light. At
-.

,? ,...,,.-2.

z *+;wt:’t”.
‘;, +O ‘7.’ .h ... :-

,.* .-= - - “ .
‘ an’fiJ3tr‘T’ . . . z = -.-, Ye% n=no ‘Th*eJ#,.,.,..-.,;:..:,,:~ ---.... ,2 .”..’.?.......-?,. .“.” ,-;.:....... .... ;“ .. ...- —... ,...,4 ,:,!>:: ,,:”:” -Much” .“‘ “’. . “’““-:U:‘ .--,:.... cr~.’=r,&nT...=*. -.?

-;:’,.,.--:’,!’).:. ‘ ~ S!%; ... -..,~I. ‘A r’‘.~”’~- “ ““-<
r.:.~,.r&-q~’,.- -. : -.,’,
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If the loading of the”bbainis such that the bending
moment is known from principles of statics. equatfon (14)
may be tisedto “deterrni’tie:’k.r””-Inmany tests the ratio Moe/Me
is the d?,?~ired,variable’”.;~Tromequ”atia~(14) this -is: ‘,, >.

. . .... . . . . ..:$:,-7 .,+

.- -u!!2&=-(nT - nB)F=O”; -. .
(15)

values of (nB ‘.,n~ ),. obtained on each of the other tests of
<?-:>r.!c:

th% same model w-i.tfivarying valu:ks’”ofthe ~xi”~~l:oad P.
Fo~,,Mp@ls >-too6,,$hg theoretic~,~,:crit$cal.J,o,ad8,are:,..,.:<.;?

ti’’’EI/t’2,rTJ-ksewere c@rnpu~9dand gq~e~.ed,.inZa.lJlg:$,%;=.. .“
Tor t~e.tap.e~ei~kfieli7 to Il;t.thecritical Zoads.Wer6”:ebti-
puted by InteT.polqtingthe tqbJe.s.’gfven?byFTimoshenko’.5ni’:’:
reference 2, page 128. These also are listed in table I.

....,,..- ,:1:f:?:~:’”:.“.: ..,,.-.......... :.1?+dc-:--’.;:.~::~“..::”T
1; fi&&& 8, 9, and 10 are plotted the results of

tests on Models 1 to 11:, Faired curves were drawn through
the exmorimentally deti!rmined:p~intsand terminated at the
computed values of Pev. An fn6pection of these curves

Am exam@atiqg:rofftUhasa~urvesal,so,shows cocs~der;able
Vaiia’t”lCJri~f”romthe strai~ght-lineplots tha”twere expected
from theoretical con,side,rgtions.The curvature of these
plots was believed to b6 due to :e:ccen,t$qf.citfesin the appli-
cation cf the end loads. To check this, the following ap-
proximate analysis of the effect of eccentricities was made.

Approximate Theoretical Anafysis of dff~%t

of Eccentricit,ie.sand .#nC1CPUPLe8..,1.:? .=.~:’.:

If eccentricities existed on Models 1 to 11, it was
known that these were smal,llr}.Xhe.e,~a.ctamount of theee

,
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eccentricities:could not %e:-detsrrnimdaccurately by measure-
ment. Therefore, the following approximate analysis was’made
to attempt to evaluate these eccentricities from the test ‘
results. .,,. ,—

Timoshenko (reference 2, p. 82) has.’pointedout that a
Fourier series may be used to represent accurately the de-
flection curve of a beam column. He also shows that, if
only the first term of the series i.sused, the deflection
curve, for many types of beams, is represented within re-
auired engineering accuracy. In figure 11 the notation ie __
defined. Then, let

,.,..
,,
Y= -al s~n
f....

where -al is the deflection at a
points of inflection. The bending
x 1s,

i
M= Er &Y . ma31

dxa - 1=
4

.
In general, EI . ,may be a function.,.

,.
<.. ., (16)”Y . . .-,,:_-——:,,

point midway bbt”weenthe
moment M, at any point

.,”

of x. Let ~(EI)eff -.
be a constant which may be.substituted”in (17) to g:ve the
same value of the critical load that will be obtained if
the actual variation of EI is used. Equation (17) thS______
becomes: .!. ,....’. .— ..-

M =
m2(EI)eff TrX

-a al sin —
2, t

. .

“(17a)

beam

..+- . .
,. . .-
..”.

: ..-
..,,

~
It may be considered to.be the st-iffnessof,a hypothetical
uniform beam columh~he%ing the,.samebuck~img””load as the
actual beam column under considerat’iti-a.”

.
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Referring to figure 11, write the bending moment at any
point x:

I
M ](=~o + Ml - P(yl + ~1) L - a - x

[ L ) r

+
[

Ma - -1
J(

a“+x
)

P(ygj+ 82) — - Py (18)
L

Consider conditions at the point midway between the points
of inflection, at x/1 = 1/2. If the bending moment at this
point is designated &e Ma, and the portion of the bending
moment due only to the lateral loads q(x) as Moe, then
equating (17a) and (18) gives:

M~c + ‘Ml - P(Y1+ &)],-l+ -*J +“[142-P(Y2+- 62).
al = (19)

~(2(XI)eff- ~
la

and

.,, {M..‘ [“1- ‘(Y1+‘+(+-+)Mc =d+
P.

where

+’
[

Ma . 1P(y= +’82) @ + &
)}

(20)

.

??orcertain loading conditions, equation (20) may be
greatly ‘Simplif-ied.Coneider, for instance, “thefallowing
example; Beam column ‘withpin ende, no end cou~les. For
this cas-e, 1 = L, and Ml =Ma = 61 = 62 = a = b= 0,
Then equation (20) becomes:

Me=+
fM (

- P y~ ‘y
P -P.oc 2 ‘)]

..- ..

or
.-

x

., . ... .
a

--— —

.-.

●

✎✎�

m

.-==
...— -

——
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MO= B-p—=

.,’. ..

where

Let ~ = p/B;

Equation

M= –

[
gll -

P(yl + Y2)

2M~c 1
\

2MOC

then ea-uation(22) becOmeS,

M 1 -al~
Mc=l - me

,.

(22)

(23)

(24)

(24) indicates seTeral interesting%results: .

1. If the ecceqtricitiea yl and Ya are zero, then:,
e = o, an’d.MOJMC vereus P should plot as “as“traight.
line. ‘

?. . The greater the value of the moment Moc due to the
lateral loadfng, the less the ratio e and the less will be
the effect of any eccentricity on the results.

3. If the plot of ~oc/Mc versus P is riota straight
line,,however, the experimental curve may be,ana.lyzedto db-
termine the amount of eccentricity present during the test..’

..+
YI + YaIf,the average eccentricity ~ ie deq~ted by

2
Yavs” -

equation (22) may be written in the form:

.,
The test result~ give values of Moc and Me for“;ariois

s loads’”P. Consequently, the experimental results may be
substituted in equation (25) and ~ and Yav: computed.
For instance,
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Let Mc = 2MOC, and Pl be the correspond.iug””axfalload
1

l’fca= 4MOC,and Pa be the corresponding axial load

Substituting these in equation (25) and solving the result- *
ing equationrisimultaneously, gives:

.

and

____.-

p=
2P1P2

,(26)
3P1 - P=

-..-: ... “... ..

=...—
.. —.

. . :
M-oc-* 2MOC

Ya~=”-— —
Pi $

(27)
...=-

,’

Critical loade for Models 1 to 11 were computed from
equation (26). Values of.,PI ‘Pa

>
and were taken from the

faired c~lrves,qf figur:es”,8,.9,,eJI~lO, . ~n tab.1.gII are
shown resu’lts of these computations. With the exception of
tests on Models 1 and 2 the values of critical loads obtained

●

from equatiQn (,2,6).(are,Ia.goodagreement ‘withthe theoretical
values. ‘ ,<

.?. ... ..... ,“’, .. . ... ...
The calotilkted’value”iof’t”hg:ecckntr”i’c~tieS, obtained

from equation (27), indi,c+tet~?t~!re~.~t.ivelysmall errors in
model construciiob w~”l’l”:abco~’rit“?~r r~ther Iarg.evariation6
from straight-line plots:;%h;~n’”fh~lghree 8,:,9,and 10.
From this.analysts.of”.the’$ke~~~~-~%ta~nedIn the preliminary
tests, eeveral tentatiya ~o~clusfon~ yerq.drawn fn regard to
the be”isttest procedural --~ - ~:?..,.:..,.

,.
t ..,.+.,1.-,...- * $-------.—:“’. ,.’,...--.”.

1. The factor e . ~a(E1)eff Yav
M.’ -,

should be as small
, ..,, ;m~ a

as posj~ibleto avoi’d”e“ffect~”;”fecc’k”ritricttieg.,This may be
done by using rather large lateral loads which make MOC .
large, or by keeping.,theecc?pt.rdcity“.jtavas small as..,,,.,. . .possi~’”~”””” ‘“’ . “:,,,.........1;;..:,,’,’:’: -, ... ... .. - .“..:-. ..

2,.“Siriceany err~r $n ‘tioc’.‘“-will appear ia all pointst

R
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the fringe va$ues forth,eloading conditions with no axial
load”should be,deteymtned to ~q,highdegre-e~”-bfaccuiacy.“
~~ssMpos~ibillty foy er”ro~~wfl~ exist in the determination -

Oc if the fringe “order‘difference.. (n~ -:n3) for this
* condition is im the orde~,“’o}\8-.t’o1“~“fringes.

,.-
3. The model should be loaded with ‘axialloads Up to an

‘4ti”mounetproducing. MC.= 4140= (approximately). This will
;.~:a’~~~rea nore accu~a~,e determination.,0~..~al,,ues.P1 and Pa
1“f6r,use, in eauation (26), and consequeint”ly~ more acc”urate
determination of ~. , .,.:.

:,
4. At a moment Mc = 4MOC

,.
the stress ‘a = -P/A - ‘Mch/21

in the model should not exceed the elastic limit of ths model
material.

5’..,,T,hepip-end connections should be In good bearings to
pr,sventt.tieeffect of th”eformation “ofa:$?rictipncouple at
the pins. “ Pin”friction wI1l have the effect of gtvfng an
effective Inc<ease in the fixity c“oeffici~nt.

., ,...,. .,. .I
,. .‘. .—

TESTS TO CH13CKCONCLUSIONS BASED.ON RESULTS
[.l,.: .,~.

““OFPRELIMINARY EXP31RIMEN:T6-. —,.,. ,,,!...:.’L: + ,, >= -: —
.

~$eak dolurnti~tifthEccentrf”~%.t.les .,f, ...f -,:,,...,, ..... ..
--:--

:.
Models and Tests

.:~~,,:.,. -,..............+.L

. .. . .
Modklk 13;” ’14j .15, “a~d“.1~were c’o”ri”~~-ruct.eda“ssh-ownIn

.figur”es1, 12, lZ,:Oand.14.,.,~wrdngtests,th,eeffe~t of fr5.c-
tiongin ‘the:pri’n~-’end.s%as,eligi,pat,~das-mu.ch”aspos@i.bl-eby”
yib:da’ting-t’he“lo-ad~ng?fr.ame.before;tak”iggphotographs o:fthe
ftii.ng”ep:a.’tternd~Re&ul:tj~:@teets ar,a”gj.v~gin t“ables1~1
and IV ‘And.tin-:fl’gures..;z-a,~.16.’,,and17. ‘~

......
,,Figure15 indicates that”exp”e’r~’ment’alresults o’nModel,,

IZ +6.in-good’&@eemen% ~,wit:h.tkie,-theo~Jeti.ca.l.ya”lue given~by..
ea-uat’ion[22) fhk’’’.e’,=,,Q..Thi’oshoys a.l,s”othat,the.choice
of:the .~~igi~.a~~~J.u,e~0~ Moc does not aff~’bt’the plot of

Moc/~~o‘provided ~he-’valuesof ‘~~~”
:?
are ~<a”rge“enou-ghto

produce sufficient frtnges for accudafe ddtdrmination of .
nT - nB. ‘
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:Figures1:6..qnd1’7show t’he,’”,comparisonof exp.,eri,-
mental values ‘of.;Moc/Jfc :f:orModels 14,:.15, and 16 with
v,clues?“computedf:r.ornequati-o-n(2”4)~.Val~es of a ,on this
curve were &omputed.,fr’om.mehsui.ed valuee!-of’y and yz,
Table,lwgivo~ values Used for”plots of solid l~ne.son,, figure:a16,and:17*

. ..
!rableVI g“i.ves .bi~qe’e jo.fpcr and Y&~ obtained by

, ..... . . .
su.bstitutiohof experimentally deterrni”tiedvalues of Moc/M.,,

s..

in equ{ition (25),. Th,~qemay be’”compared:to”bhetheoretical
~~El

values o“f Per”= _ and the measured eccentricities on
the models. ,2 . .,

. . .,
..’,.

.

@nclu13i~g~ .,,... .
,.

1. For bpam columns “with constant ‘EI and with pin
,end+, the ‘use of-–equation (25) for extrapolating experi-
mental.restiit9,’Tappearto give “good ‘accuracy:

...
“B

..: ..,,
,,..

.—

2. Range;‘&f:Moe/Me vnlues from 1..0.t.o..approximately
0.25 should be covered.b,yt.he..~csts,:

-.

.
,,-.

i~,It’ie”not”necessary toi,~avetiekoeccentricity of
the enclload, ~esul.t~..ca.nb~’””annlyzedby use of~quatian
(25) tiofin; t~~=:cccntricity.~.r~sen.li‘int%: test. Ifi-
values of Oc . ..f%~aq:t’h~”nde”s”iredfor Other eccontricitiee.,
these nay be ob~ained by use of equation (25).fb~ any’ ~th’er
e.rbitraryeccentricity, ,.’

,.
. t

40 Eccentricities wil,l, ha-ve.TII”o ,&ffa’ct~n.~thecr”i$’1’g.al
load, hut may h~v:e~,v’eryl@ig’~-O.~f.f.e”ct””’”o~~”tjhe,b.ending,mo.rnen~s
at values of axi”gllon&.lpifs””t~-an:$h’e’kr~tica~ load, If””,,>.
the bending stresses.irith&f,beaWrea~h,”th~yield etre6s..at
values of- P 10S.Sthan ~he c,~i.tictilload”’theallowable v~lue _
of the axial”load P will.be-ve,rjgtieatil-y”af”ie~tadbyL,knall
variations in eccentricity’s ,.- .,: “.-.,’,.

5. On the gqdel-the’”later~l..lo-ad”=houl~ be suffic~~fi~...:
to give valiiea’of Moe”which are cap~.ble“of”accuratede-#-
fe~nj,n~,ti.inexperimentally. This neane that n-T- nB,.. .,..,.
snould b’e’at least G,z., .,

. . .:.., , ., ,.“ .
.

*

●

.—. .=.—
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.
.. , . ,. ~ TESTS QF ‘OI”RCUIiARRING .MODfiLs :>,; ..0 >.. ........ ...... . .. =T —-..-..:..... . .... ... :~:::. -: ...-... . .

-... . “. ~~IUT$088””,.:: . .“ ~

.. . . .. . .. . . .. . .—-. ,“— — ----,“. ..- .,

.’:’The:murp6se of this der’f%s‘oftests was to give an ex-
am le of the use of the basic similarity equations, (4) and
(55’,and to determine whetheticotiti.nu.ous.rings are struc-
tures iri’!which:theassumptiono:fllinearity of bending ruo-
ment with load %:s applicabl’~. The ‘be”ridiugmoment, on a ring
loadedwit”h a dla,me,t.rlcal loa~.”P, is u.sual~ytak6”nas
(reference,“’5)”:“-.-. . “ “-- : “- ‘

(.
.. ..

M = PR ‘~sin, 9)0.3183 -“ (28)
... .. ., ...., .,
,,, ... ..‘.: .,”

.. -.* ,,.. . ,...!-,.
wh”e-re,..9 ,Tis the.angle :measured.from a.load& diameter. At

:-, ..-.,- “-. . -
e . &goo :*II, ,thi~””g,ive.s: .,

2 .:, , ,“’ “,
,: !i&“=.. . i ~0,.1.817,PR“‘. .,:

:, .. . .,.,,..,-... .-
., .,’. , . J-:;-,.. “’.””.

., This formula iri’l~cates~o’”v~J~~:ati’o~.ofmomentwi-th”Ya-
riation in the ratio R4/I Eor wi % variation in the ER2/P
ratio. However, if the deflection of the ring has any ef-
fect on the bending.~~ment, one pr:]o$h ~,f..tbese.ratios may
be significant. If ,theratio ~R2/~.,,i?,significant, a
variation in ~/ J~+:- w~fild..~e?:.pxpscted”,with variations in
that parameter. ‘If-the moment“ef:ihbr~ia“of the r5.ng is irn-
Tortant”,a yariation In Mm/a/PR””with’~R4/I would’teex-
pected. For the circular ring’.a~~i:oafle~qe”re’j&therratios
as specified in’equation (5) a~e satisfied’-with the except-
ion of ,,,~.,,which Is not signiflca.nt$n this problem..,, : ,. .

. . . . . ..!

. . .

Mbdels, Tests, and Computations

Three circular ring models were constructed to dimens-
ions shown in ftgure 18. These were cut from a sheet of
po3ished and annealed Bakelite BT 61”-893,0.278 inch thick.

—
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In table VII ,arelisted tests run on the circular ring
models. The average radius of the ring is denoted by R.
Figure 19 shows a typical fringe photograph of a loaded ring.

Thq test covered n re.ngeof ER2/P from O,TIXIO= to
12:.50x-l’Oa%nd e range of

Y
R*fI,, from 2.99xJ04 to 22.2x10q .

:,”, - ..- -
,.. . ‘Band”ingmoments in circular.rings.m,a:ybe com’put~~with

fair a~otiracyby using the surnemet.hpds.8.8discussed.~.or
‘,,,st.reightbeams. Since, howeva,r,the bending s.trcs.s.’”isnot

distributed linearly in curved b~mst, the.maximym.bending
moments at the point e“= +90° wero computed.,”f-or“~r.epter
accuracy,.asfollows:

:.,. . .
,,

1. The’distance from the edge of the ringe to e~ch
fringe was measured on the fringe photograph. ‘These me?sure-
ments were then adjusted to model scale, Measurements were
m~def,or “%ot”h-e=+90° ““and-gooo Distancbs .tbf-r$ngcswere
nver~ged.at these two stations. The fringe orderrwas plotted
versus the average dist~nce from the edge of’-themodel, A
typical plot for Model 17 under a 25–pound liad is shown in

*

figure 20, The values are recorded in table VITI,.,

2. By Flanimeter int”kgia:t.i:o’nof the area under the plot
m

of n versus distance frcimedge-of model, the averrge fringe
order for the beam was computed. The neutral axis was then

4, The bcnctingaorient~&ros6 ~~e-”~%:~~ionulld”er”coYl-
sideral;ionhay be written as,

,,, .. ,’;’ .. ’,., *,-, ,,.

,-‘1.1
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For Models 18’and;;19, howeve”r;the v’alyesof /PR are ~%1/2 . :,>., w 21
somewhqt higher- “~:Infigu~eL~~ ~r~ p-l~~~id “~=v~~-a~~Valutii:O~f

~/2/P-$! versus “.~R=/P”M fqr ,cons~int ~,~luesof,~he ratio
t! :-.. f ——

R4/I. These curvj~ show no significant variation-wi”th ~R</

The variation.that IS shown is within experimental limits of
accuracy. The curve of M /PR versus R4/1, however,

Tr’z

P.
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indlcatos an increase In the bending moment with an increase

in R4/1. At low va~ues Of th@..~.4ti..,.,.R~/I ,theVqll10of . .

%/./pR checks almost exactly the value given by equation (28).

Conclusions

TMe @.hotoalastkcres’ultsshow that tha bending moments
on circqlar,rings are ,Qfunction of the ratio R*/I. It Is
recommer.deilthat‘models of”bulkhead rings dnd other ‘similar

structures ~ex.cons.tr,uct.ed.so.that the z’at.ioR:4/,1Ls the.
same on the model and full-scale strugture, It also would
be well to test the model at the same ratio of ER2/P on the
model as for the full-scale str-~ctureif this is convenient,
Even thc,ughlittle variatio’pwith ER=/P was shown In tests,
it may be that at other”values of the ratio, or for other
types of loading, this wou:ld”be significant.

The photoelastlc tests of these rings indicate that
formulas in use for the calculation of bending monientsin
circular rings are in error for rings of large R4/I ratios-
I’urtherrtoretheee errors lead to nonconservative values.

.,,.
,’

Analysis””o-~ #TATI-fiiLLYI-ftiDtiTiiM12JATE7FRA~.,.-,.,.,- . ,~, .:,..
Purpose

In st~.ticallyindeterminate structures, the loads and
bending mbn’entsin various members”“of‘thk struct’ur”eare func-
tions,Co.ft-he.relativostiffnesses:of the mcnberg. If all
mem%’ers‘-ade“’I.’oadedwi”thaxial loads”that”are smali”co&
,Pare’Kto ~th’e.ir“critic&l‘bucklihr@:load.gL,the anal’ystsof the
str~uctu~e,MAy be ac=co~.lishe~ q,na~yticallyby fjeVeral
commonly”“u.&sd:met-hod~~’-”In strtictur-eiwhere one or more of
,the,me+,b,e~sis .l,oade,d,with an ,axial,lqad .app,r.o,aohingit,s
critical I’oad’jdiff-i~cul.ti~s~,inthe--ana,lysi,soccur due to the
varia’t~ion“in the ‘:ef:f’ectibe‘s’%i’ffn”esswfi’iahtakes place in
the.axiqllY loaded member a,sit approaches Its critical ,l,o.afl.,,..’ ,..-- .. .,””

. . . . .. .
,.’. . ---
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The photoelastic method is useful in,,analyzingsuch a strut:
ture, provided t“hemodel i? constructedand loaded as “speci-
fied by the s,imilhrityprinciples previously discussed-. ~ T

-.!,“. ...+.B..- ...
The Information ddsir”e’dfQr.the .str:eQs,an~l”~sisof~the

structures is ,as follows: ,. .‘.1.-..,,., ----
... ,,

1, The-total load,at tihichbuckling of the column mem-
b,eroccurs ,. ......... ...,: .-.

..
2.“The %ending nomentiAt .eyp”~ypcin”t-in”the st”ructh~e”,. .. ,; .,.
3. The axial loade in all me”rnb”ers‘ofthw structure

4. The sheer in theffiember~ ,;..
If this inf~rmatio~:is obtained, unit stresses in the full-
scale structure may..:b,ecomputed.,,..,,-..,

.. ,’ .. .,.
If it were not for the:;ef$ect;ofvariat”~bnof:ef-fe.Ctive

stiffness in’thei.coluan~eub:er...as:its load is $ricr&asodlthe
internal forcest reaction’s;”.%en#i.nguolaente,and “sofortht
would be linear functions of the “ex~e’rrralloail”$’:-atid-theae”-
could be ,bbtainedforwapy convenient value of’the applied
load, sq.y”.P=* ‘Th.ehq,or~.espon.d.ingmopents, inteinal’forCdst
and so .fo.rth$”In >the.,~ar’ious,riienb,er!~ycould.then be found at
any load P= by’uiuLtiplyingobser,~&~titial-ues.at.afiy’load
PI by the ratio of

—
PJP1* ‘.. .“”‘: J _:’~ : :“ ,-~.t.-

When, however, cne member b’~‘t~e,.ktructur~is stressed:
by an axial load +,pproachingits own critical load”,the disL
tribution of the external loads among the members changks.
The stresses in the individual ~Gmherq 4re then not linear
functions of the external loads. In’these structures the
load on the ri’odelmust be selected so that the internal load
distribution at a deeired full-scale loading condition w!ll .
be obtainable from the model results. ~In R structure of this
type siniilaritycond~t-ions. as specified in equation (8b) are
applicable. ‘“ .,:J,,.. .,

r .. . ... ... ,’
. . . ..>:- Mo&el and Tests.. ., .,..

To illustrate the use of the’pho:to’elestic,method; two”
models were constructed nS shown in figure 23. ‘ TheSe were
constructed of.polished and annealed Bakelite BT 61-893.



:.:2

26 NACA TN Noc 1002

!lLsstswere sttirted’on Model 20, but the model failed
before-tests were cotipleted.1 T-heresult~ of these tssts
~re notrreporte”d. Te%ts on Model 21 were ‘runas follows:

““1, Fringe photographs of th-e-central”’pqr~fiono,fthe
vertical leg were taken with the ‘load P on the frame vary-
ing from 40 to 100 pounds, Fringe photographs“are shown in
figure 240 .;.. ,<.

2. Fringe photographs of the entire frame were taken
at a load P = 40 pounds. These are shown on figure 25,

3. Fringe photographs of t’heentire frame were taken
at a load,of p = 75 pounds. These are s,hownon figure 26.

. .. ....

““C’amputations.ahdResults’

The fringe’patterns of figure 24 were analyzed in a
manner similar to that described for the bea~colurnn models,
Bending moments at a point 3080.inches fro$the pin point
in thci:vertical”member were d.eter.mined. These Are glv~n in
table K. These moments correspond to the moment Mc iE
equation (25)0

.— .—

.

7

.

In Order to analyze the results of this test, equation
(20) is rewritten to conform to “the particular loading con-
dition on this model. If the pin end of the vertical mem-
ber is considered to be equivalent to the right end of the
span s..~own~n figure 11, then,

“,,

Equation (20) then bec’omesj

M=’ P-——-
e-p” [Ml [

-plbl] L+%l.
c 2L1 (31)

where is, th- Qxial load in the vertical m~~berc ‘p.?
.“

... ._
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Let P! = @lP ..-.,. ,,
.. .>;

(

‘,4. -,’,, .
,.

“ .$>”:
“.

L’= la- .:.....~!+ ..... . .!. ..- ,.
;., “ .

..; ,,.-. ,< .!,:>.,. .!,. ....... .... ..-.”-‘..,,.,,, Ml ::
..1,:++;.”-...

4?2PZ~ ““ ‘ .,.;,., ;.-:”.”.”::’;’:’;‘“”::’:j”:-
.-—

.,. . ,,...,,’ 1.:’ r?”‘: ,...,,::; ....- -- —
,., ,..-.. .=-:.,::--- ....:. ”

,,?keti),.,.. si’nce:“:81,:S, @;,.J ‘.’‘+:d~:’$;;:”may ‘&,”be .’.“--‘f”u’ricti;onsof P,..‘, .: ,:..’.
“’egtiation(31) hay ,b;e~,,tiLr~~,$e.n);*: “~~. ‘“5 ‘.- ‘.“.

.+
,1.. .:.... , ‘.,..- -..?. .

.,”’ .-..-,,<.$,..’.-.. ,—.,.’.,. .,” .,..::”:“
., :+....-.:.!’..

.:~c = @l~7L ““-@a “’“61 ‘:L:”’~”’a

( )(

‘t, :-,,.
.). ..J.. @’p ~,-:~ -;; “B-.1 ... “-L.. ,, ...,... ,...,. ,t. .,

or

, ;P
(.

%) & ~.:,p””:”-~“;:’:.., .,.-.
%2-A -....?. -..2-/.’’”@L .‘A-—— = .-—- f (P) ““-““ ‘: (32)

.....’.r--Mc;i. ‘“ ‘-’ B ,..,.,.’ ,,
-, ...>...’-;.6 “. .--::-.-..... .. . ● i----,,. ,. .. .., , .,:,,... .. .,.,

. ,::The q~dct,i”on~‘,f~,(p..),i~s m.ot,~~in genpra;l.,,/i.etL&rminable
analyt’ica,lly.#n,examination of’’thephysics af,.this,how-
eve’r’,3na”icat:”s~bi,~..,~his..~fu~c’t’ion”“canpo~be zero for any

...”,.

i ‘: -p(r~ -.>~):’:”:i;.:,plottea;

,.-,.,..,,.!.,,,.. . . .
value of ~Pi:~vi$&Gseq6entiy;if- - :-’- ,

:. ,fM.“? .. .————,-. ,,, c -..
.’<-: ,,t.,.....#.-. ..

..
-:..,..-.., ‘.- ‘“::$“..’:; -.<i5e’q;a;-t!::.;.

against ‘.~s’ t~hi)’.wf~l.“~&‘a’,ero :dhe-n
:....9X: “’ ,. .,,- .,.,- ,,. , ~,=

zero. The-value “of:”,P’”’:at:tlkts’c%iidtt~bn’‘is””~~h.en’”$.heval’ti~
of the total’i“oad,b-n’t,hes$r~ctura’khick:will tend to pro-
duce an inf”in”itbbending moment in the yertiqa+~~eg.“ ~“fs-
may be called the cr$tiqal.value.~dfztP”...fo~~hq..v~rtica~
column.. The‘critic,<l~~al~e of:~P ‘;f.or:a:s-iruct.ure,o~:Th$s
type may .lseinterpreted as the t~.tiax”Idad on ‘thestructure
at which the buckled member will carry no additional axial
load even if P is further increased.

--—

—

—

‘(’2-%)“;s’p,ottedaga,ns~ pIn figure 27, —_-— 8
M=

The curve through experimental points was extrapolated to
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the point
’64) , “ ‘“—.———.—- =

Mc ● This indicates that, et a

.-
.

tcttfillI?P.dof 122 pounds, the vertic~.1:~enberis Qssenti-
al.lybuckled,

,
Since the structure is redundant, this does

net nt?sessarilymean that this is the ultimate load on t-he
struct’~re. It indicates, however, that nny .add~tionn,llnad
will have to be carried entirely on the left support of the
horizo:lt~.1!,iieuberoConsequently, at 108CS above 122 pounds
the bs:zdingnc.uentsin tho left port,ion.of‘the,bean will in-
crease much more rapidly than at loads less tlian122 pounds-,., ,..,..J ‘.”t ‘TI?nbtain the bending moment nt every secti~n r)fthe
structuro at given loads full-scnlet the equivalent loads
are cc,mputedso that P/T?L2 for.the rilodelakd”the full-
scnle structure are”,id.entice.l.Por the tests of Mo@-el21,
assu~e that.,t’hesemodel loads have been determined tr bo
40 and 75 pounLG.

..

!Phefirst step in the analysis was .to-@termi_nethe
fringe orders at vnrious s-ec,fionsalorigthn boundary of the
model. These were identffie~’by .o,bservi.q~the formation of
the fr~,ngesas the +pa~ WS.%.iricreasedeti’”Thesefringeg were
recorded on figures 25 ana‘26.an.d..intRIJlesXI .a.ndXII, At
sectioz.sof maximum mom.enttit is p~ssi.bleto p~o% fri..pg.e
order F.gainstdepth of ,Ib:earnIan,&.:t’o~ti>efaired valu:e#:”of}
fringe ordqm.:at’ttie~’-bou,nd,a.ry;,{’At”‘sectionswhere:b%h&’ing’
moments arei,~.ptmmx”im’urn;”~,~hi.s,.hethodis not applicable.
Good r~-qu.ltscan”b.e’ob-t~”ined,l,Ihowever,by using the ,est+,
mated Ynlues of frlhg~q-o.rd,drs at the ~qter boundaries &nd
then determining the bend-i.ng’..mome~tsfrom equation (14).
This was done at var””louspsections of the horizontal and ~ :
verticnl””membersof Model 21 for loads of both:40 nnd 75
pounds. These bending mo’gents&r’e-”plottedalso on figures
25 and 26. The,shear forlcesin the mernmbe~srlaybe=o,btained’-
by meas~;eruentof the,ql,q,pes,.odltfiemom’en~~GUr+es.;,,

., . .,,,- ‘.,’,..- f~.
T’h~axiol lb~k$)’:~~~’t~h;:m.ernb~k”s“rn”k~‘~k”:;btained~y

taking the ayere.gefr’~-rigkord”eratirbss’%heqecttiti~,The “
~-xialload is then gi.~’~nby; . .: ... .,A.3 ..

,.
‘.?.”:$-.‘,$“.””‘“”””;; ; ~

.
‘“j.:.~w5’, ..-,

.:,
. . :,.,” -“ .,.-,...:.1”

Paxial‘= a;th”’,..m~.,~
...,.
~----d ;’7“ ‘ .,,,,... .-.=.

., .., .---- j..~__”&----:; - $“
:. ...! G‘ ..-.-.,;:.”.”.”.’- ““” .J-...m.~~ J.,.. A,

. . : “ - . -r,., : ..!: ,, . , .
. -t ;.,~;.1,::. .,..,“- .. .

‘i !“’”” ““””’.

. .

---
. .

-.—=
.-——

.— —.
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where t is the thickne”ss;h~~~’”h the wi”dthof the cross
section, The accuracy of determin~tion of na~ is poor

if the average fr.~nge.’order.isJdtiall,Usuallyt however, a
rq,lativelylarg.e..error,”int:hisaxial load does not affect
the combined stress-f. -;..,1-..

,. ..::}.,,:

,21 .. .
,,, . .. . . ... ...”.. . -.. :---

. . ,’.:”:”. “
to any great extent; If CTavn:.t”,rjlarge, then it nay be
deter.~inedwith greater accuracy since the average fringe
order will be larger. -

—

In the nodel tested, the axial load in the column is
due to shear carried in the bean. At the 4&pound external
load the axial load in the Column obtained by considering
the shear in the.riflht-handportion of the beam was found
to bo approximately 18.0 pounds, At the 75-pound external’
load the load carried by the column was found to be approxi-
mately 34.0 pounds, It is seen “t”hat-the four desired iteQs
of information for the full-se,”.lestructure are obtainable. .

In beam-column structures, particularly when the bea~-
coluninmenber is redundant, it,is very difficult, by usual
methods, to deter~ine allowable loads. In ,structuraswith ,
linear behavior, if n factor of safety on the ultimate unit
stress of 2.0 is desired,‘it is necessary merely to deternine
the external load giving a unit stress equal to one-half of
the ultincte stress for the material and to consider thie
the design load, Inbea&column structures, however, ex-
ternal loads which produce;bending stresses equal to one-
half the allowable stresses actually aay be loads very near
the external load at which the structure will fail by buck-
ling. Also as axial loads in team-column members approach
critical values, the bending moments incrense much nore
rapidly than the load. Hence ultimate stresses may be
reached at external loads very little greater than those

. producing only one-half the ultimate stress at the most highly
stressed section of the beam column. In the case of long
columns, of course, loads just slightly lees than the criti-

.’ cal may produce stresses only a small fraction of the ulti—
mate stress, Tests of.photoelastic models may be used to
indicate the stress conditions at various loads, and an accu-
rate determination of the allowable loads for the full-scale
structure may be made.
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CONCLUSIONS

By Intelligent application of the siuilnrity princi-
ples given; photoelastic ~ndels nay ba constructed to rcp~ .
sent afiny types of.structures that cannot bs rea~ily analyzed
by e.nalytlcalmethods. Thesa include:

1’ 3eam coluans of varying EI

?.. Structures in which clefor~,ationsare large eaou~h
so that their effect on stress distribution is
not “negligible(such es flexi31e circular ringe)

3. Statically in.iet-er!~inatestructures in which i“n-
hrnal forces, mo~ents,,and so forth, are ~~t
linear functions of the external lci8ti6

Tho””exauplesgiven indicate that the techniques of test
and met-huilsof analysis used Hive accurmta-values of critiCy,l.._.. .,
londe[-tien.iingm~menta, and So ~~rth f-or”the p~o”toel~stic
models= --Corresponding full-scnle vn~ues siay,boaccurately
ol~tainotiif similarity print.ipl-esh~ve been applied pxoperly.

.’ . . . . . ..+.

Oregon State C’ol~oge, .:’. . .
t~orval”lis:,,‘Ore., June 1945,. . . .

.’
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TA31EI
TestsandResultson ModelsNo.1 to 11

m

Photo
e

bbdel Test P Q
No. Nop No. %-T’ >

c
1-9 1 1 0 26.15‘ $.56 1.000 1.200

1 0 52.30 15.90 1.000 1200
; i 1 52*2O 1’7.88 ●m 3.200
4 1 lx. 52*SO 19.60 .812 1200

i 225 52.30 21.38 ●744 ~2
i 1 : 2’?5 520s0 22.50 .707
‘? 1 1 300 !j2e20 23.20 ●685 1.200

8 2 1“ o “26.15 10.86 1.000 835
2 1 75 26.15 lam .$55 835

1: 2 1 150 26015 U.52 . ●74$ 835
2 1 225 2601s 160x) .65z gas

E 2 1 20Q 26.15 16.10 .674 g35
13 2 ~. 225 26.15 16.70 .65J. 835

u 3 0 20.92 11..7o 1.000 530
15 3 ? 75 20.92 U.58 ●803 530
16 3 1 150 20.92 16.60 .7e5 530
17 225 20.92 19.60 ●596 530
1s ; : 275 20.92 23.3g 0501 530
19 3 ‘1 300 20.92 26.sO ●442 530

20 4 1 0 I-2*55 9090 Looo 294
21 4 1 50 lass 13.25 :74: 294
.22 4 1 100 12*55 16.34 294
23 1 1.2*551$.50 ●535 294

t i% & 21.30 .465 294
2 4 : 175 25.48 ●3S 294

26 5 1 0 7.32 9*3O 1:00: 146
27 5 1 25 7.32 IL*34 U6
2g 5 1 7.32 L&lo .659 U6

5 1 z 7.32 19.02 .48$ L$6
:: 1 7.32 24.20 .3% I-46
31 2 1 lE 7.32 29.28 .317 U6

‘1 o 2.09 5.80 1.000 45.7
z 2 10 2.09 7.00 .828 y:;

i 15 2.09 8.20 .707
;; : 1 20 2.09 9.80 .592 45.7
36 6 1 2.09 11.30 ●5J-3 45.7
37 6 1 % 2.09 15.20 .381 45.7

‘~ interpolationoftablesinreference(2).
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Tk3fi-I(“&nt?d)
Tes$sandResultsonModelsNo.ltill ,-

.-
:--

~——

Model
1?0.

Rloto
No. -%--K-Q i%-nT

T4.18 11.30
4.18 14.28
4.18 18.50
4.lE!25.80
4.18 32.90

6
6
6
6
6

——
7
7
7

7
7

1.000 45.7
●792 45*7
.6X2 45.7
.438 45.7
●343 45.7

1.000 401
.m2 401
.640 @&
.523
445 ~
.401

1 10
1 20
1 25
1 30

T2 0
2
2 lE
2 225
2 275
2 300

26.15
26.15
26.15
26.15
26.15
26.15

10.24
1.2.30
16.00
19.59
23.00
25.58

43
44

2:
47
48

8“
8
8
..8
=8
:=.———
“-9

;
9
9
9

2
2
2
2

15.7!)
15.KI
15.70
15.70
15*W
15.70

8.88
12.34
16.16
18.84
23.56
33e20

1.000

●m
.550
.472

2
I

225
2 250

●3r7
.268

T2 0
2
2 1%!
2 325
2 150
2 175

I-2.55
12.55
X2*55
1.2*55
12.55
3-2.55

9054
3.2.68
16.70
20.38
26.3o
43..00

ZL6
216
23.6

E:
216

1.COO
.752
●SW
.468
;:g

:
2
2

0
15
25
50

(n
62
63
64
65
66

10
10
10

:
10

8.37
8.37
8.37
8.37
8.37
8.37

10.65
X2,25
13.05
16.15
22.45
44.40

1.000
.869I 1.23

123
●815
.659
.474
.239

X23
1.23
123
1.23

2 I 75
2 lm

I

l.mo
.750
●572
,432
●333
.243

45.7
45.7
45.7
45.7
45.7
45.7

4.18
4.1s
4.18
4.18
4.18
4.18

10.50
I&m
18.40
24.35
31.50
4.3.25

6’J

69
70
n
72

11
U.

g

XL
.—

2
2
2
2
2
2

0
10

;;
30
35

‘ByWterplationoftablesinreference(2).
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mla of rocmtrld Mea ad mitiual hill

--%J
- PI

~

- .211&
-J&
- 91503
-.2255
- ●m
: J&

-J@
-.1792
-.●27X

zi--
00

k
).llo2
.@55
.Iln
●W5
.lm.
W@
.2680
.1922
.1510
.1%0

5%

Iavm

~

k%
L2
20s
-●9
2.0
24
L6
1.0
- 99
1.7
●2

~.

Yav

57j%$2::Ixnl
- JIL57

●ll
●@w
●W

:%
.Ol$t?

. ●0216
.mlo

+

P2 2P1P2

WJ5 765W0
g #X&

Q

22:
20.92
12.55
7*32
2.09

$:
Mom
12.55

:E

%0
Tii27
39.20
3L@
1.8.80
-11.co
3*U
&27

39.20
23.60
18A2
J.L55
6027

$i13
322*8
338
257

;%
%5 I

4From Eillation27
TABIE. 111

oflastsonBle2Re8i

Test
Ho.

3

:
3
3
3

3
3
3
3
3.
3

;
3
3
3

+

e

L(XH3
.695
.496
.399

.305

.249

Looo

“ $J

.286
●W

Lax)
.694
●w
.388
*W5

F?loto
lb.

P I Q

3*U
3: ;.
m
(m 3*M+

-’M 3*U
75 3*I4

6.28
4 6.28

6S
E 428
‘m 6.28
75 6S

9..a
4 9.44

94
z 9.41
m 9.41

5*W
7.92

11.1o
L3.’m
1800$
22.12

98.2
934
98*2
98.2

%

Ziir
98.2
9=?
%2
58.2
98.2

98.2
98s2
9%2
98.2
98.2

,,

l&93
23m75
33.80
42950
54*lo u

cdL

li0 Pa=-
J

.
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TestsandResultsonModelsl& 15,16

Fhoto mid P Q %-% ~ ~=

Y -oel.oo~,e = -3.21av=

90 -– 15.69 9029 1.000
g 2 :5 15.69 16.95 .54$ .1:7

15.69 26.00 .357 .301
93 z % 15.69 3g*95 .239 ●435

av=O.1OW,e.=3.21.Y

94 ‘u 15.69 8.40 1.000
95 -- ~ 45 25.69 5.40 1.556 .1:7
96 225 25.69 1.W 4*943. :30;
97 u 450 15069 45.20 -●553

Ya~=-0.046w,e = -1.29

98 15 10.46 8.85 1.000
15 1% 10.46 .2:$ .608 .25

1% 15 175 10.46 .4(I8 ●394Iol :; 15 275 10.46 38.8o~ .228 Al&
—.

av=0.046H,e =1.29Y
102 --“ 10.46 8.5’7 1*000
103 . i; 13 10.46 7.78 1.1o2 .2°5
104 10.46 7.46 XL@ .4%
105 -“ ?; R 10.46 5*95 l.&o .675

Y -0.005~,e = -O.XLav=
106 ‘=” 16 0 7.32 8s97 1,000
107 16 60 7.32 X2*O4 ●745 .2%
108 26 ‘7.32 15.42 .582 :@&
109 “— 16 160 7.32 27*53 ..326

yav=o.oo5n,e =O.11

no .- 16 0 7.32 9*28 1.000
16 7.32 l&05 .660 ●3k

3.I.2.Z 16 2; 7.32 m.92 ●490 .522
113 16 175 7.32 32*CM ;289 .732

5
Op Calc = f=
or -- Q* ,. .,..... .......... ....., .’. ~.p- .,J-. -

. . ,=:2... . ..*.A:

.

#

.

.
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.
.

.

●

&

.00

.05

.10

.15

.20

.25

.30

.35

.40
945
.50
●55
.60
.65
●70
.75
.80
.a5
.90
.95
l.m

Mbdel
No●

u
u

u
u

15
15

15
?-5

16
16

::

~ocmc
e = -3.21
1.000
.820
●682
●575
.488
.~6
.357
.307
.263
.225
.192
.163.
.137

:2
.073
.056
.040
.026
.016
.000

Moe/Me
e s3.21
1.00
1.13
1.32
1.63
2.22
3.75
17.50
- S.Jil
-2.14
-1.25
- ●a
-..59
- ●43
- .32
- .24

.18

~ ::’
.05
.02
.00

ldoc/Mc
e = -1s29
1.000
S;

.n2
●637
●565
.505
:44:

.347

.304

.263

.225

.191

.157

.=7

.W8

.072

.046

.023
●000

Noc/Mc
e = 1.29
1.000
1.015
1.032
1.053
1.078
1.I.23
1.142
1.185
1*241
1.31.2
1.408
L 543
1.m
2.160
3.090
7.590
-6.140
-1.550
-.620
-.220

●0Qo

Mochc
e = ~c~
l.mo
●945
.889
.836
●782
.730
.678
●627
●574
●523
●473
.423
.375
●326
.279
●231
.183
.137
.091
.045
.OCD

TABLEVI
ValussofPcrandyavObtatiedfromTests

onModelsl& 15,and16

Measured
Eccentricity
~vinchesY

-0.100
-0.100

0.100
0.100

-0.046
-0.046

Oe046
0.046

- 0.0C15
-0.005

0.005
0.005

Eqerimental
Moe/MC

O:;;;

4*943
-.553

0.408
.228

l.l@
1.440

0.582
.326

‘0.490’
.2&39

loadP
lb

225
325

225
450

175
275

;:

%

1.25
175

Op

lb=

745

m

468

236

247

-0.102

0.090

0.050

0.040

0.001

-0.001

Moo/kc
e = O*I2.

1.000
●955
.910
.864
.818
●772
●724
.675.
.628
●578
.529
.479
.4X
.377
.325
.273
●219
.165
.111
.056
.000

P=

heoretica’

74$

748

445

us

239

~ 239

.

‘Obtainedby substitutionof loadP andexperimental.Moe/Mein Equation2S~
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!c&3LEVrI MACIATM I?o. 10”02-’”’‘“:“*”’-
Circ+.RingTes.@ ...

.-

.=..

.

.

b

.

e-

.—

.-. .—
---

I I , I%49
PR

.—

Ihdel
lib..—
X7
17
17
17.—
18
18
18
18
Is
18
18
1.8

Rloto
No●

rest
No. R PR ‘%/2 Eli’

T
2.82%105
1.41xlo5
.94H05
.%lx305

.7.36x105
3.68X105
2.84xlo5
2.30s105
2.05%3.05
1.84Xlc+
1*60XI05
1.47X105

12.6uxlo5
6.30X105
4.20X105
3.60%lo5
3.X5X105

2$.g
57.5
86.3
32.5.0

-0.182
-.184

-.183
- .M’o

-.198
-.185
-.192
-●192
-.187
-.188
-●m
-.I.86

-.208
- .202
-,203
-.199
-●2cxl

2.9X1C+
2.99xld
2*99Xd
2.99XU14

115
U6
11.7

7
7
7
7

U*5
25.0
3795
50.0

2.30
2.30
2.30
2.30

2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35

-5*24
-10.62
“15.79
-20.58

7.93X104
7.93XI04
7*93%ld
7*93xId
7.93XW4
7.93Wd
7.93w+
7.93u+

1.I.8
Ug

123
w
125

7
7
7
7
7
7
7
7

‘7
7
7
7
7

5.0
10.0
l%o
16.0
I&o
20.0
23.0
25.0

U..8
23.5
30.6
37.6
U*3
47*O
54*O
58*7

-2.33
-4*35
-5.86
-7.23.
-7.90
- &84
+0.10
-IO*91

19
19
29
19
19.—

3.0
6.0
9.0
10.5
1.2.o

2.38 7.15-10485
2*38 %30 -2.WCI
2*38 =040 “4*39
2.38 25.txI-4.974
2.38 28.55- 5.X%2

22.20810’$
22.2oxlo4
22.20XI&
22.2oxl&
22.2oxlo4

TAMEVIII
-- -- -=+

IIMngekasurementsforI&Mel17~p s25.0lb

. . . . . .

Iklstanoefromouter IXIAanoefromou’k
edgeofphotograph edfmOfmodel.(hid

..—=.:~

Mnge order
n

——
e= -%”

in‘&he& - I 8&le). bhea -

e =we Average]

0.030
.0%
.080
.105
●m
.152
●173
.195
.214
.232
.250
.259

0.043.
.073
~108

:?4
.205
.232
.263
.289

0.035
.053
.078
.104
●I-27
●U9
.170
.193
●=
.231
●4$
.259

0.025
.055
.o@

:Z
.155
.175
.197
.ZL6
●234
.253
.259

●333 “
.338
.350

J.

. . =

. . . .
-.



TABLEIX
OaloulationeforModel173Load=25.0lb

(Valuesofy andn fromFigure20)

Distancefbom
neutralax.ls

Y

0.183
.U3
.103
.063
.023
.000

-.037
- .077
-●U7
-.157
-.167

lktigeOrder
n

5WQ
4.30
3.16
2.08
.75
.00

-1.25
-2:70
:::;:

-6.20

w

0.990
.615
.326
.131
.017
.Ooo
.046
.20$
.485
.908
1.035

TABIEx
BendingMomentsinSection3.80hi.fromPinJoint

inVerttcal.H&herofWdel21

~.
Photo Model Test I@ad H= P(X2-#
No. No. Roe P Ma
151 23. 8 4 0.875 ;;;
152 21 $ l.?;
153 2J. $ % 260“
154 65 2.136 231
155 “z : w 2.41a
156 21 8 75 2.940 194
157 21 $ 3.580 lm
158 8 z 4*W 152. 159 E 8 90 5ew 126
160 21 6 6.66o IQ8
161 .21 a 19J 8.200 93.

~,.f23~ definedinRtgure23.

.
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TABLEXI
Be+ngWm6rksonModel21,P=40.O’lb

,=,..?z
,-

. ,,. — ,..X—.=.....-
.- ....

Ibrizontilkam ‘“ “ :

Section Distancefrom
leftsupport Y % moment

a 0.00 —0 —.
b.. .30 32.2 -20.80
s.- : .62 -13095
d“ ●93

;:;
- 6.5o

1.26 0.0 0.00
:.: 1.56 - 3.1 5.76

1.87 - 7.0 13.00
f -- 2.20 -10.4 19*3O
i 2.50 -13.6 25.30
3“ 2.82 -16.9 31.40

3*I3 -20.0
t“

37.20
3.46 -16.0 29.80

m 3*75 -13.0 24.20
n. 4*O7 - 9.9 18.40
0. ::3$ - 6.6 12*30
P - 3.6 6.70
% 5.28 — ---

,
%rticsi&la ““” ““

section Distance *m W %pin joint
—.

:as” 7.87 —. ---
6e55 0.2 - 0.069

s“- 5.91 2.1 - .377t.”” 5.30 2*O 0 .6$5
u-– 4.65 2.2 - .755
v 4.05 1*9 - .6S
w 3ea 1.6 9 ●549
x 2*79 1.3 - .4%=._.. 2.15 1.0 ●343~.:.. . 1.54 ●9 . .:g;
m“” .90 .6 “
bb-- ,- .28 -— ----

---

.

.

9

.

.

.*—.. ... .. . -,
. .

. : .,-....., ,:.<... “?”- ‘-.*
—.-s.
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TABLEXH
BMMIingMomentonllodel21$P =75.olb

HorizontalBeam

Sectien Dietmoefrom ‘T-% Bending
leftsupport moment

0.00 -..
:’ ::; 23.2 -Gzo

16m0 -29.80
: .93 8m5 .-15.”80
e 1s26 1.0 - 1*86
f 1056 = 5,2 9-63

1.88 -12.5 23.20
~ 2e19 -19.0 35*4O
% 2.51 -25.3 47.00
3 2.82 -33.7 62.60
,k 3.34
1 304 -;3:3 Z:*
m 3.75 -27e7 9.050
n 4@6 -22.1 41.20
0 4.3$ -1509 29.60
P 4.m -10.0 18060.
qH 5.28 —- -—

verticalOolumn

Section Distancefrom Y % Eending
pinjohlt moment

qv 7.86 --
r 6.55 1.4 - y;8

5094 ;:; - 1.20
: 5.31 - 2.02
la 4*68 7.4 - 2,54
v 4*O5 8e2 - 2*81
w 3*43 8.3 - 2.84
x 2*8O 8*O - 2e74
Y 2.18 5*4 - lo85
z 1.55 4.3 - 1.47
aa .92 .2e3 .80
bb ●29 —. --

.



NACATN No.1002 Figs. 1,2
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Figure l.- Dimensionsof models 1,2, 3, 4,5, 6 and 13.
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Figure 2.- Dimensions
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of models 7, 8, 9, 10 and 11.
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Figure 3.- Photographof model 3 @et up for teat. Figure 5.- Fringe photograph
for model 6; P = O

to 30 lb, Q = 4.18 lb.



NACATN No.1002 Figs. 4,6,7
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Figure4.- Positionsof load applications,modelst to 11,

13 to 16.
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Figure61- ~)mensionsof tensiontest specimen,model
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Figure7.- Mohr’scircleof stressat sectionof maximummoment
in beam-column.
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NACA TN No.1002 Figs. 8,9
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P
Figure8.- Plots of Moe/Me against P for models 1, 2,3 and 4.
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Figure 9.- Plotsof Moe/Me againstp for models5,6 and Ii.
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NACA TN No. tooz
Figs, 10,1I
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Figure 10.- Plot Moe/Me against P far model: 7, S, 9, 10 and I 1.
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Figure I l.- Notation for beam-column span.



NACA TN No. 1002 Figs. 12,13,14
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Figure 12.- Dimensionsof model 14,
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Figure13.- Dimensionsof model 15.
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Figure14.-Dimensionsof model 16,



NACA TN No. 1002
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Figure I5.-Plot of Mu/MC against P for model 13.

Figs. 15,16
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Figure16.- Plots of Moe/Me againstG for models14,15 and 16 with negativeeccentricities.
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NACATN No. 1002 Fig. 19
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Figure19.-Fringephotographformodel17;P = 25 lb.
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NACATN NO. 1002 Fig.24

●

Figure24.-Frlngephotographsofmid-seotionof
verticalmemberof model21.
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❑ENDINGMOMENTSPOSITIVE IF UPPEREDGE
OF BEAMOR RIGHT EDGEOF COLUMNIS IN
COMPRESSION.

NUMBERS AT SIDES OF FRINGE PHOTOGRAPHS
GIVE FRINGE ORDERS AT SECTIONSMARKED.
FRINGEORDERSARE POSITIVEFOR TENSILE
STRESS AT BOUNDARY.

--1.86 (nT-nB).MOMENTSIN BEAM,MX-
MOMENTSIN COLUMN,My=‘0.343 (nT-nB).
WHERE:

nr=FRINGEORDERAT TOPof BEAM AND
RIGHT SIDE OF COLUMN.
nB=FRINGEORDERAT BOTTOMOF BEAM
AND LEFT SIDE OF COLUMN.
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Figure 26. - Fringe pattern and bendhgmoment diagrams for model 21, ${,,,,,,)
P=75 lb.
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Figure 27. - Variatianinbending moment, in vertical member of model 213 with load


